Introduction {#Sec1}
============

Infectious diseases continue to pose a serious threat to individual and public health. Accordingly, health organisations are constantly seeking to analyse and assess events that may present new challenges. These may include acts of bioterrorism, and other events indicating emergence of new infections, which threaten to spread rapidly across the globe facilitated by the efficiency of modern transportation. Likewise, a lot of effort is being directed into suppressing outbreaks of established diseases such as influenza and measles, as well as into eliminating certain endemic diseases, such as polio and rabies.

In an SIR epidemic model, an infectious disease spreads through a population where each individual is either susceptible, infective or recovered. The population is represented by a network (graph) of contacts, where the vertices of the network correspond to individuals and the edges correspond to potential infectious contacts. Different individuals will have different lifestyles and patterns of activity, leading to different numbers of contacts; for simplicity, we assume that each person's contacts are randomly chosen from among the rest of the population. The degree of a vertex is the number of contacts of the corresponding individual.

We assume that infectious individuals become recovered at rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \geqslant 0$$\end{document}$ and infect each neighbour at rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta > 0$$\end{document}$. Then the basic reproductive ratio $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal R}_0$$\end{document}$ (i.e. the average number of secondary cases of infection arising from a single case) is given by the average size-biased susceptible degree times the probability that a given infectious contact takes place before the infective individual recovers.

Emergence and elimination of a disease involves the process of infectious transitions and recoveries being pushed across a critical threshold, usually corresponding to the basic reproductive ratio $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal R}_0$$\end{document}$ equal to 1, see Antia et al. ([@CR3]), Bull and Dykhuizen ([@CR11]), O'Regan and Drake ([@CR29]) and Scheffer et al. ([@CR32]). For example, a pathogen mutation can increase the transmission rate and make a previously 'subcritical' disease (i.e. not infectious enough to cause a large outbreak) into a 'supercritical' one, where a large outbreak may occur, see Antia et al. ([@CR3]). Moreover, after a major outbreak in the supercritical case, disease in the surviving population is subcritical. However, subsequently, as people die and new individuals are born (i.e. immunity wanes), $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal R}_0$$\end{document}$ will slowly increase, and, when it passes 1, another major outbreak may occur. Equally, efforts at disease control may result in subcriticality for a time, but then inattention may lead to an unnoticed parameter shift to supercriticality. Thus, under certain conditions, one can expect most large outbreaks to occur close to criticality, and so there is practical interest in theoretical understanding of the behaviour of near-critical epidemics.

Critical SIR epidemics have been studied for populations with complete mixing, under different assumptions, by Ben-Naim and Krapivsky ([@CR6]), Gordillo et al. ([@CR13]), Hofstad et al. ([@CR34]) and Martin-Löf ([@CR23]); this is equivalent to studying epidemic processes on the complete graph, or on the Erdős-Rényi graph *G*(*n*, *p*). In Ben-Naim and Krapivsky ([@CR6]), near-criticality is discussed using non-rigorous arguments. Martin-Löf ([@CR23]) studies a generalized Reed--Frost epidemic model, where the number of individuals that a given infective person infects has an essentially arbitrary distribution. The binomial case is equivalent to studying the random graph *G*(*n*, *p*) on *n* vertices with edge probability *p*. The author considers the regime where $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal R}_0 - 1 = a n^{-1/3}$$\end{document}$ and the initial number of infectives is $\documentclass[12pt]{minimal}
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                \begin{document}$$b n^{1/3}$$\end{document}$, for constant *a*, *b*. A limit distribution is derived for the final size of the epidemic, observing bimodality for certain values of *a* and *b* (corresponding to 'small' and 'large' epidemics). Further analytical properties of the limit distribution are derived in Hofstad et al. ([@CR34]). In Gordillo et al. ([@CR13]), a standard SIR epidemic for populations with homogeneous mixing is studied, with vaccinations during the epidemic; a diffusion limit is derived for the final size of a near-critical epidemic.

In the present paper, we address near-critical phenomena in the context of an epidemic spreading in a population of a large size *n*, where the underlying graph (network) is a random (multi)graph with given vertex degrees. In other words, we specify the number of contacts for each individual, and consider a graph chosen uniformly at random from among all graphs with the specified sequence of contact numbers. This random graph model allows for greater inhomogeneity, with a rather arbitrary distribution of the number of contacts for different persons. We study the regime just above the critical threshold for the emergence of a large epidemic, where the basic reproductive ratio is $\documentclass[12pt]{minimal}
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                \begin{document}$$1 + \omega (n) n^{-1/3}$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega (n)$$\end{document}$ growing large as the population size *n* grows. (For example, when the population size is about 1 million, we could consider $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal R}_0$$\end{document}$ of order about 1.01.)

From the theory of branching processes, at the start of an epidemic, each infective individual leads to a large outbreak with probability of the order $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal R}_0-1$$\end{document}$. Roughly, our results confirm the following, intuitively clear from the above observation, picture. If the size *n* of the population is very large, with the initial total infectious degree $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ (i.e. total number of potential infectious contacts at the beginning of the epidemic or total number of acquaintances of initially infectious individuals) much larger than $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathcal R}_0-1)^{-1}$$\end{document}$, then a large epidemic will occur with high probability. If the initial total infectious degree is much smaller than $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathcal R}_0-1)^{-1}$$\end{document}$, then the outbreak will be contained with high probability. In the intermediate case where $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathcal R}_0-1)^{-1}$$\end{document}$ are of the same order of magnitude, a large epidemic can occur with positive probability, of the order $\documentclass[12pt]{minimal}
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                \begin{document}$$\exp \bigl (-c X_{\mathrm {I},0} ({\mathcal R}_0-1)\bigr )$$\end{document}$, for some positive constant *c*. So, if the population size is about a million, and $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ much larger than 100 will result in a large epidemic with high probability. On the other hand, if $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ is less than 10, say, than the outbreak will be contained with high probability.

Furthermore, we determine the likely size of a large epidemic. Here, there are three possible regimes, depending on the size of the initial total infectious degree relative to $\documentclass[12pt]{minimal}
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                \begin{document}$$n ({\mathcal R}_0-1)^2$$\end{document}$. Broadly speaking, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ is much larger than $\documentclass[12pt]{minimal}
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                \begin{document}$$n ({\mathcal R}_0-1)^2$$\end{document}$, then the total number of people infected will be proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$(n X_{\mathrm {I},0})^{1/2}$$\end{document}$. On the other hand, if $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ is much smaller than $\documentclass[12pt]{minimal}
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                \begin{document}$$n ({\mathcal R}_0-1)^2$$\end{document}$ then, in the event that there is a large epidemic, the total number of people infected will be proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$n ({\mathcal R}_0-1)$$\end{document}$. The intermediate case where $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$n ({\mathcal R}_0-1)^2$$\end{document}$ are of the same order 'connects' the two extremal cases.
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                \begin{document}$$X_{\mathrm {I},0}$$\end{document}$ is of the same or larger order of magnitude than $\documentclass[12pt]{minimal}
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                \begin{document}$$n ({\mathcal R}_0-1)^2$$\end{document}$ (the first and third case in the paragraph above), then $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{\mathrm {I},0} ({\mathcal R}_0-1)$$\end{document}$ is very large, so a large epidemic does occur with high probability. This follows since, by our assumption, $\documentclass[12pt]{minimal}
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                \begin{document}$$n({\mathcal R}_0-1)^3 = \omega (n)^3$$\end{document}$ is large for large *n*.

The above results are proven under fairly mild regularity assumptions on the shape of the degree distribution. We allow a non-negligible proportion of the population to be initally recovered, i.e. immune to the disease. (This also allows for the possibility that a part, not necessarily random, of the population is vaccinated before the outbreak, since the vaccinated individuals can be regarded as recovered.) We require that the third moment of the susceptible degree be bounded; in particular, that implies that the maximum susceptible degree in a population of size *n* is of the order no larger than $\documentclass[12pt]{minimal}
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                \begin{document}$$n^{1/3}$$\end{document}$. So in particular, in a population of size 1 million, the super-spreaders (i.e. individuals with largest numbers of contacts) should not be able to infect more than around 100 individuals.Fig. 1The relationship between epidemic final size and initial force of infection for 20 realisations of the network Sellke construction on a network with Poisson degree distribution with mean $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$. Parameter sets are: $\documentclass[12pt]{minimal}
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                \begin{document}$$n=10^5, \lambda = 2.04, R_{0}=1.02$$\end{document}$ (*top*); $\documentclass[12pt]{minimal}
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                \begin{document}$$n=10^6, \lambda = 2.02, R_{0}=1.01$$\end{document}$ (*middle*); $\documentclass[12pt]{minimal}
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                \begin{document}$$n=10^7, \lambda = 2.01, R_{0}=1.005$$\end{document}$ (*bottom*); and $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho =1$$\end{document}$ throughout (note that these parameter choices imply that $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta =1$$\end{document}$)

To demonstrate this behaviour for a particular example, we used stochastic simulations that make use of special Monte Carlo techniques that allow us to consider multiple initial conditions within the same realisation of the process. The algorithm is described in Appendix A. Figure [1](#Fig1){ref-type="fig"} shows our results for the relationship between the epidemic final size $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {Z}$$\end{document}$ and the initial force of infection $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{I,0}$$\end{document}$ for 20 realisations of the process, with each realisation involving multiple different initial conditions. The model rate parameters are $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta =1$$\end{document}$. The network has Poisson degree distribution with mean $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ and was generated as an Erdős--Rényi random graph with edge probability $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda /n$$\end{document}$. We implement scaling at different population sizes giving parameter sets $\documentclass[12pt]{minimal}
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                \begin{document}$$(n = 10^{5}, \lambda = 2.04, R_{0} = 1.02), (n = 10^{6}, \lambda = 2.02, R_{0} = 1.01)$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$(n = 10^{7}, \lambda = 2.01, R_{0} = 1.005)$$\end{document}$. These plots show the emergence of the three epidemic sizes that our results predict as *n* increases, i.e. 'small' epidemics of size *O*(1), 'large' epidemics of size proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$(nX_{I,0})^{1/2}$$\end{document}$, and 'large' epidemics of size comparable to $\documentclass[12pt]{minimal}
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                \begin{document}$$n({\mathcal R}_0-1)$$\end{document}$.

Epidemics on graphs with given degrees have been considered in a number of recent studies, both within the mathematical biology and probability communities. A set of ordinary differential equations approximating the time evolution of a large epidemic were obtained by Volz ([@CR35]), see also Miller ([@CR25]), and also Miller et al. ([@CR27]). These papers consider the case where the epidemic starts very small. Differential equations for an epidemic starting with a large number of infectives appear in Miller ([@CR26]). Convergence of the random process to these equations in the case where the second moment of the degree of a random vertex is uniformly bounded (both starting with only few infectives and with a large number of infectives) was proven in Janson et al. ([@CR20]). (See also Decreusefond et al. [@CR12]; Bohman and Picollelli [@CR7], where related results are proven in the case where the fifth moment of the degree of a random vertex is uniformly bounded and in the case of bounded vertex degrees respectively. See also Barbour and Reinert [@CR5] for results in the case of bounded vertex degrees and general infection time distributions.)

However, we appear to be the first to study the 'barely supercritical' SIR epidemic on a random graph with given degrees. As a corollary, we determine the probability and size of a large near-critical epidemic on a sparse binomial (Erdős--Rényi) random graph, also to our knowledge the first such results in the literature.

Our approach also enables us to prove the conjecture of Janson and Luczak ([@CR19]), establishing their Theorem 2.4 concerning the size of the largest component in the barely supercritical random graph with given vertex degrees under weakened assumptions.

We proceed in the spirit of Janson et al. ([@CR20]) and Janson and Luczak ([@CR19]), evolving the epidemic process simultaneously with constructing the random multigraph. The main technical difficulties involve delicate concentration of measure estimates for quantities of interest, such as the current total degrees of susceptible, recovered and infective vertices. Also, our proofs involve couplings of the evolution of the total infective degree with suitable Brownian motions.

The remainder of the paper is organised as follows. In Sect. [2](#Sec2){ref-type="sec"}, we define our notation and state our main results (Theorems [2.4](#FPar4){ref-type="sec"}, [2.5](#FPar5){ref-type="sec"}). Section [3](#Sec4){ref-type="sec"} is devoted to the proof of Theorem [2.4](#FPar4){ref-type="sec"}; to this end, we define a time-changed version of the epidemic and use the modified process to prove concentration of measure estimates for various quantities of interest. In Sect. [4](#Sec10){ref-type="sec"}, we prove Theorem [2.5](#FPar5){ref-type="sec"}. In Appendix B, we state and prove a new result concerning the size of the giant component in the supercritical random (multi)graph with a given degree sequence.

Model, notation, assumptions and results {#Sec2}
========================================

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \in \mathbb {N}$$\end{document}$ and let $\documentclass[12pt]{minimal}
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                \begin{document}$$(d_i)_{i = 1}^n= (d_i^{(n)})_{i = 1}^n$$\end{document}$ be a given sequence of non-negative integers. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$G= G(n, (d_i)_{i = 1}^n )$$\end{document}$ be a simple graph (no loops or multiple edges) with *n* vertices, chosen uniformly at random subject to vertex *i* having degree $\documentclass[12pt]{minimal}
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                \begin{document}$$i=1, \ldots , n$$\end{document}$, tacitly assuming there is any such graph at all ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{i = 1}^n d_i$$\end{document}$ must be even, at least). For each $\documentclass[12pt]{minimal}
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                \begin{document}$$n_k$$\end{document}$ denote the total number of vertices with degree *k*.
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                \begin{document}$$G$$\end{document}$, the epidemic evolves as a continuous-time Markov chain. Each vertex is either susceptible, infective or recovered. Every infective vertex recovers at rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _n \geqslant 0$$\end{document}$ and also infects each susceptible neighbour at rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta _n > 0$$\end{document}$.
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Remark 2.1 {#FPar1}
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                \begin{document}$$n_{\mathrm {R}}>0$$\end{document}$ is to study the effect of vaccination; this was done in a related situation in Janson et al. ([@CR20]) and we leave the corresponding corollaries of the results below to the reader. Note that initially recovered vertices are not themselves affected by the epidemic, but they influence the structure of the graph and thus the course of the epidemic, so we cannot just ignore them.

Remark 2.2 {#FPar2}
----------

Note that initially susceptible, infective and recovered vertices can have different degree distributions. However, we assume that given the vertex degrees, the connections in the graph are made at random, independently of the initial status of the vertices. Equivalently, if we first construct the connections at random, we assume that the initially infective and recovered vertices are selected at random, where we may select on the basis of their degrees, but not on any other properties of the graph.

For example, if some individuals are vaccinated before the outbreak, and thus are regarded as initially recovered as discussed in Remark [2.1](#FPar1){ref-type="sec"}, then our model covers the case when the vaccinated individuals are chosen uniformly at random, as well as the case when vaccination is directed at high-risk groups and individuals are vaccinated with a probability depending on their degree (number of contacts), but the model does not include more complicated vaccination schemes that take into account also, e.g., the degrees of the contacts.

Similarly, if the disease has been spreading for some time before we start our calculations, then there are correlations because an infected vertex that was not initially infected has to be connected to an infected or recovered vertex (the one that infected it); thus our model is not directly applicable. As suggested by an anonymous referee, if we know the history so far of the epidemic, this can be handled be removing those edges that have tried to infect (whether to a susceptible individual or not); the remaining network is uniformly random with given vertex degrees and our model applies to it.
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It turns out that, rather than working with the quantity $\documentclass[12pt]{minimal}
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Our assumptions are as follows. (See also the remarks below.) Let $\documentclass[12pt]{minimal}
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This argument relies on the probability that $\documentclass[12pt]{minimal}
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Theorem 2.4 {#FPar4}
-----------

Suppose that (D1)--(D7) hold.
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Thus, ([2.17](#Equ17){ref-type=""}) says that, except in the case (i)(a), the total variation distance between the degree distribution $\documentclass[12pt]{minimal}
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Note that case (i) of Theorem [2.4](#FPar4){ref-type="sec"} says that, for a range of initial values of the number of infective half-edges (viz. when $\documentclass[12pt]{minimal}
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However, when the initial number of infective half-edges number gets larger, the many small outbreaks coming from the different initially infective half-edges will add up to a substantial outbreak. So there is a threshold where this bulk of combined small outbreaks is of about the same size as the "natural" size of a large outbreak. The value $\documentclass[12pt]{minimal}
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The following result gives conditions for the occurrence of a large epidemic in Theorem [2.4](#FPar4){ref-type="sec"}(i). In anticipation of later notation, let $\documentclass[12pt]{minimal}
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Theorem 2.5 {#FPar5}
-----------
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Remark 2.7 {#FPar7}
----------
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To be precise, ([2.3](#Equ3){ref-type=""}) and ([2.1](#Equ1){ref-type=""}) yield by ([2.14](#Equ14){ref-type=""}) and $\documentclass[12pt]{minimal}
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Remark 2.10 {#FPar10}
-----------
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*G*(*n*, *p*) and *G*(*n*, *m*) {#Sec3}
-------------------------------
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### Corollary 2.11 {#FPar11}
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### Proof {#FPar12}

As said above, we condition on the vertex degrees. We have $\documentclass[12pt]{minimal}
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Proof of Theorem [2.4](#FPar4){ref-type="sec"} {#Sec4}
==============================================

Simplifying assumptions {#Sec5}
-----------------------
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If case (i)(a) in Theorem [2.4](#FPar4){ref-type="sec"} occurs for the modified process, it occurs for the original process too, since $\documentclass[12pt]{minimal}
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It is then easy to check that Theorem [2.4](#FPar4){ref-type="sec"} and Theorem [2.5](#FPar5){ref-type="sec"} for the original process both follow from these results in the case with no initially recovered vertices.

We make these simplifying assumptions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{\mathrm {I}}=o(n)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{\mathrm {R}}=0$$\end{document}$ throughout this section (and the following one), in addition to (D1)--(D7). In particular, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{\mathrm {I}}+n_{\mathrm {R}}=o(n)$$\end{document}$, and thus (D7) is strengthened to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} n_{\mathrm {S}}/n \rightarrow 1. \end{aligned}$$\end{document}$$We may also assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _n>0$$\end{document}$, by ignoring some small *n* if necessary. Finally, recall that in the proofs we first consider the random multigraph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*$$\end{document}$.

Time-changed epidemic on a random multigraph {#Sec6}
--------------------------------------------

We first study the epidemic on the configuration model multigraph $\documentclass[12pt]{minimal}
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Each free infective half-edge chooses a free half-edge at rate $\documentclass[12pt]{minimal}
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We stop the process when no infective free half-edges remain, which is the time when the epidemic stops spreading. Some infective vertices may remain but they trivially recover at i.i.d. exponential times. Some free susceptible and recovered half-edges may also remain. These could be paired uniformly to reveal the remaining edges in $\documentclass[12pt]{minimal}
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In order to prove our results, we perform a time change in the process: when in a state with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{\mathrm {I}}\geqslant 1$$\end{document}$ free infective half-edges, and a total of *x* free half-edges of any type, we multiply all transition rates by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x-1)/\beta _n x_{\mathrm {I}}$$\end{document}$ (this multiple is at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/(2\beta _n)$$\end{document}$, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{\mathrm {I}}\geqslant 1$$\end{document}$ implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \geqslant 2$$\end{document}$). Then each free susceptible half-edge gets infected at rate 1, each infective vertex recovers at rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _n(x-1)/\beta _nx_{\mathrm {I}}$$\end{document}$, and each free infective half-edge pairs off at rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x-1)/x_{\mathrm {I}}$$\end{document}$.

In the time changed process, let $\documentclass[12pt]{minimal}
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Concentration of measure {#Sec7}
------------------------
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The remainder of this subsection contains the proof of Theorem [3.1](#FPar13){ref-type="sec"}. We first need two lemmas concerning the evolution of the number of susceptible vertices and the total number of free half-edges.
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### Lemma 3.2 {#FPar14}
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### Proof of Lemma 3.2 {#FPar15}
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### Proof of Theorem 3.1 {#FPar18}
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### Remark 3.6 {#FPar23}
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Final size {#Sec9}
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### Proof of Theorem 2.4 {#FPar24}
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Proof of Theorem [2.5](#FPar5){ref-type="sec"} {#Sec10}
==============================================

We continue to use the simplifying assumptions in Sect. [3.1](#Sec5){ref-type="sec"}. We consider the epidemic in the original time scale and construct it from independent exponential random variables. At time $\documentclass[12pt]{minimal}
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We begin by showing that a substantial fraction of the initially infective half-edges are red. Recall that $\documentclass[12pt]{minimal}
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Lemma 4.1 {#FPar25}
---------
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Proof {#FPar26}
-----
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Proof of Theorem 2.5(iii) in the multigraph case {#FPar33}
------------------------------------------------
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Proof of Theorem 2.5(iii) in the simple graph case {#FPar34}
--------------------------------------------------
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The rest of the proof is exactly as in Janson et al. ([@CR20]), to which we refer for details. $\documentclass[12pt]{minimal}
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Remark 4.4 {#FPar35}
----------

The formula ([2.18](#Equ18){ref-type=""}) for the asymptotic probability that the epidemic is small holds only under the assumption $\documentclass[12pt]{minimal}
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Appendix A: The Sellke construction for network epidemics {#Sec11}
=========================================================

 House et al. ([@CR14]) introduced a method to simulate the final size of a network epidemic that drew on the constructions of  Sellke ([@CR33]) and  Ludwig ([@CR22]) (the latter in its most general sense as described by  Pellis et al. ([@CR30])). This approach allows us to make a realisation by drawing three sets of random numbers, and then we can consider multiple initial conditions and the final sizes they produce without drawing further random numbers.
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Appendix B: Critical behaviour of $\documentclass[12pt]{minimal}
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In this appendix, we show how the methods in this paper yield an improvement of Janson and Luczak ([@CR19], Theorem 2.4) on the size of the largest component in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(n, (d_i)_{i=1}^n)$$\end{document}$ near criticality, replacing the moment condition used in Janson and Luczak ([@CR19])$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{k=0}^\infty k^{4+\eta } n_{k}= O(n) \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta > 0$$\end{document}$, by the uniform summability of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{k=0}^\infty k^{3} n_{k}$$\end{document}$ in assumption (ii) below, cf. (D2). This is more or less best possible, since if the limiting vertex degree distribution does not have a finite third moment, then (at least in typical cases), the size of the largest component is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$o_{\mathrm p}(n\alpha _n)$$\end{document}$, see van der Hofstad, Janson and Luczak (in preparation).

Theorem B.1 {#FPar36}
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Remark B.2 {#FPar37}
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Sketch of proof {#FPar38}
---------------
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There is only one other place where Janson and Luczak ([@CR19]) uses assumption ([B.1](#Equ147){ref-type=""}) non-trivially; that is to control the Taylor expansion remainder term in the analogue of ([3.51](#Equ76){ref-type=""}) (immediately preceding equation (6.7) on page 212). But we may obtain an adequate bound with the argument leading to ([3.49](#Equ74){ref-type=""}).
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Appendix C: Proof of ([4.63](#Equ145){ref-type=""}) {#Sec13}
===================================================
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We obtain ([4.63](#Equ145){ref-type=""}) by using ([C.1](#Equ151){ref-type=""}) in ([4.61](#Equ143){ref-type=""}).
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